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Abstract

Given a special type of triplet of reciprocal-lattice vectors
in the monoclinic and orthorhombic systems, there exist
eight three-phase structure seminvariants (3PSSs) for a
pair of isomorphous structures. The first neighborhood of
each of these 3PSSs is defined by the six magnitudes and
the joint probability distribution of the corresponding six
structure factors is derived according to Hauptman’s
neighborhood principle. This distribution leads to the
conditional probability distribution of each of the 3PSSs,
assuming as known the six magnitudes in its first
neighborhood. The conditional probability distributions
can be directly used to yield the reliable estimates (O or
m) of the one-phase structure seminvariants (1PSSs) in
the favorable case that the variances of the distributions
happen to be small [Hauptman (1975). Acta Cryst. A31,
680—687]. The relevant parameters in the formulas for
the monoclinic and orthorhombic systems are given in a
tabular form. The applications suggest that the method is
efficient for estimating the 1PSSs with values of 0 or 7.

1. Introduction

The procedures of crystal structure determination have
been traditionally divided into two significantly different
techniques, those for small molecules and those for
macromolecules. In about the past ten or more years, it
has been shown that both techniques, when properly
integrated, could lead to more powerful methods of
structure determination. Hauptman (1982a,b) success-
fully realized the fusion of direct methods with
isomorphous replacement (IR) as well as anomalous
scattering (AS), and presented the probabilistic theory of
two- and three-phase structure invariants (2PSIs and
3PSIs) for both IR and AS cases. The first applications of
the resultant formulas led to an enormous increase in the
numbers of invariants whose values may be estimated
reliably no matter what the fusion is. As a result,
combination of the techniques of direct methods with IR
or AS is increasingly facilitated. Many related papers
have been published. Most of the problems in these
studies concerned only structure-invariant estimates. For
structure seminvariants, Velmurugan & Hauptman
(1989), using the neighborhood principle for integrating

©1996 International Union of Crystallography
Printed in Great Britain — all rights reserved

direct methods with AS, derived the conditional prob-
ability distribution of 1PSSs having values 0 or =
through the joint probability distribution by embedding
the 1PSSs into the 3PSIs and gave results of its
applications (Velmurugan, Hauptman & Potter, 1989).
Recently, we extended the theory of 2PSIs developed by
Hauptman to two-phase structure seminvariants (2PSSs)
in the AS case and, further, estimation of the 1PSSs (near
0 or m) was realized by combining the formula of the
2PSSs with Cochran’s distribution (Liu & Hu, 1994). In
addition, we also advanced another method to estimate
1PSSs by integrating Hauptman’s theory of 3PSIs and
the ), relationship for an isomorphous pair of structures
(Hu & Liu, 1995). It should be noticed that the latter
method is also suitable for the AS case. In the present
paper, we show again that the integration of direct
methods and IR would improve the procedures for
structure seminvariant estimates.

Assume that the number of equivalent positions is m
for a given space group. Let

v, = Zl%,
=

be an n-phase structure seminvariant, then the following
formula has to hold:

( Hj) -l‘O =N,
j=1

where N is a positive, null or negative integer, r, is the
position of permissible origins (Hauptman & Karle,
1956), which depends on the rotation matrixes R, of the
space group (Giacovazzo, 1980):

(RS_I)'PO’:V’

6y

s=1,2,...,m,

where I is a 3 x 3 identity matrix and V a vector with
zero or integer components. It follows that the n-phase
structure seminvariant ¥, depends on the rotation
matrixes R,. Therefore, in order to derive the formulas
for estimating 1PSSs, it is possible first to construct a
3PSS and then to expand its probability distribution in
terms of Hauptman’s neighborhood principle, as men-
tioned below.
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For a pair of isomorphous structures in the monoclinic
or orthorhombic systems, when all atoms are in general
positions, the respective normalized structure factors Ey
and Gy are defined by

Ey = |Eylexp(ipgy) = 0‘20/ Zf Zexp(zZnHC T,
=1 j=1
@

Gy = |Gylexp(iyy) = 0‘02/ Z 8i Zexp(ﬂnHC "r;),

=1 j=1

(3)
where
N —
Z g}, “)
Cj'r:RJ'r'*'TJ, j=1,2,...,m, (5)

N is the number of atoms in the unit cell, r; is the position
vector of the atom labeled i, the f; and g; are zero-angle
atomic scattering factors and therefore are equal to the
atomic number Z; and C; denotes the symmetry operator
of the jth equivalent position in the space group that
contains a corresponding rotational component R; and a
translational component T;.

There are four kinds of 1PSS with values O or 7 in the
monoclinic and orthorhombic systems: @, 02/» P21 21,0
®o,24,21» $0,26,0» Which together are indicated by @y . For
a special type of triplet of reciprocal-lattice vectors,
H = hki, H = hkl and H;, which satisfy (1), there are
eight 3PSSs for an isomorphous pair of structures:

ws =Yy + ¥Ya + Yu,,
ws = ¢y + ¢+ Yu,,

w, = ¢y + ¢+ ¢y,
W, =Yy + Vi + Py,
o3 =¢g+¥aten, o =Yu+teat+yu,
0, =VYg+oa+eu, Og=¢u+Va+ Yy

The first neighborhood of each of the eight 3PSSs is
defined to consist of the six magnitudes |Eyl, |Egl,
|Ex,l, 1Gul, 1Gal, |Gy,|- The formulas for estimating
1PSSs with values O or 7 are obtained " y the derivation
of the probabilistic distribution of these 3PSSs based
on Hauptman’s neighborhood principle (Hauptman,
1975a,b) with some differences in detail. Owing to
limitations of space, only the basics of the derivations are
given here.

2. The probabilistic distribution of the 3PSSs
2.1. The joint probability distribution of the six structure
factors Ey, Eg, Ey, Gu, Gyi, GH,

It will again be assumed throughout that the number of
equivalent positions is m in a given monoclinic or
orthorhombic space group for a pair of isomorphous

structures. Their normalized structure factors £ and G are
defined by (2)—(5). Suppose that the independent atomic
position vectorsr;, i = 1,2, ..., N /m, are fixed and that
the primitive random variable is the ordered triple (h, k,1)
of reciprocal vectors, which is assumed to be uniformly
distributed over the subset (1) of the threefold Cartesian
product S x S x S (S denotes reciprocal space). Then the
structure factors Ey, Eg, Ey , Gy, Gy, Gy, are functions
of the primitive random variables h, k, 1, so that they are
themselves random variables. Denote by P = P(R,, R,,
R3,51,8,5,83; @1, Py, P53, ¥, ¥, ¥,) the joint probability
distribution of the magnitudes |Eyl, |Egl, |Ey |, |Gyl

|Gql, |Gy, | and the phases gy, ¢, ¢u,» Yu, Vi, ¥n, of
the complcx normalized structure factors Ey. Ej, EH "

Gy, Gj, Gy, . Then P is given by the 12-fold 1ntegral
(Karle & Hauptman, 1958)

o 27 2

=kﬁ ([RkSk/(Zn)]f I | [ no

=1 p=0 04,=0 6,=0 x;=0

x exp{—i[R, p, cos(6; — D) + S;0, cos(x, — lpk)]})

N/m 3

x [1 q; H(dpkdakdekd)(k) (6)

Jj=1

where

q; = CIj(Pl, P25 P35 015 03, 035 01, 65, 03, X1, X2, X3)
= (exp{(if;/ sy p, cos2mH - 1; — )

+ p,cos2nHR, -r; +27H - T, — 6,) + ...
+ pycos27HR,, - ¥, + 27H - T, — 6,)
+ p, cos(2H - r—6,)+p, cos(2mHR, - r;
+27H-T, —6,)+ ... + p,cos(2rHR,, -
+27H- T, —6,) + pscos(2zH; - r; — ;)
+ p3cos(2nHR, - r; +27H, - T, —63) + ...
+ pscos(2rH,R,, - r; + 27H, - T, — 6,)]
+ (igj/ozé,éz)[o-1 cos(2rH - r; — x,)

+0,cos(2rHR, -r; +27H - T, — x;) + ...

+ 0, cos(27HR,, - r; + 27H - T,, — x;)

+ 0, cos(2nH - r—Xx)+to, cos(27HR, - r;
+27H-T, — ) + ...

+ o, cos(2nﬁR 1;+27H-T, — x,)

+ 03 cos(2mH; - r; — x3) + 03 cos(2rH(R,; - r;
+27rHS-T2—x3)+...

+ 03c08(2rHR,, - r; + 27H, - T, — x3)IDnk-

From the work of Hauptman (1982a),

g; =1 — (/D F /)0t + 05 + 03 + 20,02
x cos(6; + 6,) + p3 cos 26,]
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+ (gf/doz)[ai +03 + 03 +20,0;c05(x; + Xa)

+ 03¢0 2x3] + (2f;8;/ o3 agh )10 cos(By — x1)
+ 0,0, €08(6, — x,) + 3050865 — X3)

+ 010, c08(8; + x,) + p,0,c0s(8, + x;)
+ p303 c08(05 + x3)} + (im/ (7 /3y’
x [07 + 03 + 20,0, c08(6; + 6,)] 05 cOS(6; + nrr)
+ (gj /a3/2)[012 + 03 + 20,0, cos(x; + X2)103
x cos(xs + nm) + (f7g;/ax0tgh o2 + o
+ 2p,p,€08(6; + 6,)]o3 cos(x3 + nm)
+ (]38, /0‘20 0‘02)[<7i + 03 + 20,0, cos(x; + X213
x cos(6; + nm) + (f7g;/ 00gh’)
X [2p,0, c0s(6; + x,) + 20,0, cos(8; + x;)
+2p,0,cos(6, — x;) + 20,0, cos(6, — x2)]ps
x c08(0; + 1) + ( ;8] /) 22)[20,0; c08(6; + X2)
+ 20,0, cos(6; + x1) + 2p,0, cos(x; — 6;)
+ 2,0, cos(x, — 6)]o3 cos(x; + nm)}),
where 7 is an integer that depends on the space group as
listed in Table 1. From (4) and

N/m

o= [(1/m) (g - 1)]

the expression for HJZ/{" g; can be easily obtained.
Substitution of this expression into (6) and completion
of the 12-fold integral give
P >~ cyexp([1/(1 — a®)])(R% cos 2, + S3 cos 2¥;)
+ d, cos(P; + nr) + d, cos(¥; + nx)
+ 4PR,S; sin @, sin W5 + {[2R,R,/(1 — o?)]
+ 2ByR R, [ B, R; cos(P3 + nr)
+ B4S; cos(¥; + nm)]} cos(P, + D,)
+1{[28,8,/(1 — @®)] + 28,8,5,[B,R; cos(P; + nr)
+ B5S3 cos(W; + nm)]} cos(¥, + W,)
+ {28 + 2B,[B4R; cos(®; + nm) + B,S,
x cos(¥; + nm)]}R, S, cos(P, — ¥,) .
1 RyS,008(@P — W)l + {26 + 26o[BaR; co8(Py
+ nm) + B,S; cos(¥5 + nm)]}R, S, cos(P, + ¥,)
+ RS, cos(®, + wl)])v @)

where
o= [ﬁ(Rij)/NG(l - a2)3]
Jj=1

xexp | = SR+ 57/ - o).
j=1

= BolBi(R: + R3) + B,(S; + 53) + BslRs,
= Bo[B4(R: + R3) + Bs(ST + S3) + B4lSs.

a= an/(azo“oz) > )

B=a/(l-a%), ®
Bo =2/[(1 — 0‘2)(01200‘02)1/2]3’ (10)
B, = o, — ’a, + 3’a; — 3aay, (11)
B, = d’a; — aa, + (1 + 20))a; — (2 + o)aay, (12)
Bs = 2(1 — &®)aer, — oy + 3o, — (1 +20%)e;],  (13)
Bs =, — aa; + (1 + 20, — (2 + o), (14)
Bs = a, — ’a; + 3’ — 3aas, (15)
Bs =2(1 — &)ae; — a, + 3aa; — (1 +20%)a,],  (16)
@, = oy ey, (17)
a, = a3, (18)
oy = o) e, (19)
o = &l gy, (20)

2.2. The conditional probability distribution of the
3PSSs, given the six magnitudes |Eyl|, |Egl, |Eg,|,
|Gul, 1Gal, |Gy, in its first neighborhood

Refer to §2.1 for the probabilistic background. Let

|Eul =Ry, |Egl =R,, |Ey|=R;, (21)
|Gyl =S, |Gl =S, |GH | =S;. (22)
Then, the 3PSS @, = ¢y + ¢ + ¢u,, as a function of the

primitive random variable (h,k,1), is itself a random
variable. Denote by P, = P,(£2,IR,, R,, R3, S, S;, S;3) the
conditional probability distribution of w,, given (21) and
(22), then P, is derived from (7) by fixing R,, R,, R3, S1,
S,, S5, integrating P with respect to ¥, ¥,, ¥; from O to
27 and multiplying by a suitable normalizing factor. The
final formula is

P, >~ (1/K,)exp[(—1)"A, cos £2,], (23)
where

K, =27aly(A,), (24)
Ay =B{RyIBI(R, + Ry + By(S? + 8D + B3}
+2B,(R, + R)R3 (S, Ty +5,T2) + S3[Bs(R, + Ry)
+ Bs(S3 + S3) + BolTs + 28,5, S.R: T\ T,
+ 2B8,(R, + R))S5(S,T, + S,T,)T,

+ 2.35515253T1T2T3}’ (25)

the function Tj is the ratio of two modified Bessel
functions of order one and zero:

T, = L(2BRS)/(2BRS), j=1,2,3,  (26)
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and the B and B, (j=0,1,2,3,4,5,6) are defined by
(8)(20).

With the same procedure as described above,
the conditional probability distributions
P;=P(2R\,Ry,R;,5,,S,,5;) of the 3PSSs
(1=2,3,4,5,6,7,8) are obtained. These results can
be expressed as

P; ~ (1/K;) exp[(—1)"A; cos 2],
K, =2nl,(A), i=1,2,...,8,

27
(28)

where A, is given by (25) and

=VYu+¥a+on,
= Bo{Rs[Bi (R} + R3) + By(S, +S,)" + Bl
+2B4(S1 + SHR(R\ T, + RyTy) + S3[B4(R + RY)
+ B5(S; +5,)° + BslTs + 2B,R\R,R, T, T,
+ 26,8, + S)S;(R\ Ty + R,T,)T,s
+ 284R R, S,T) Tsz},

=+ Vi + ¢u,,
= Bo{Rs[B1(R} + R3) + By(ST + S3) + B3 + 2B,R,S,]
+ 281R3(B,5; + ByR)T + 2R,R3(B\R, + B4SH)T,
+S3[B.(R + R3) + B5(ST + S3) + s
+2B,R 5,015 + 28,8, R,R, T\ T,
+25,83(BoR, + BsS)T T
+ 2R,85(B,S; + BuR)T,T5 + 28,85 R, S, T, T, T,y },

(30)

(29)

=V¥u+ost+ Pu,»
A= ﬂo{R3[ﬁ (R? + R3) + B(S? + 82) + B3 + 2B,S,R,]
+ 2R\R3(B1Ry + BiS1T | + 25,R5(8,S, + B4Ry)T,
+ S3[B4(R} + R3) + B5(ST + S2)
+ Bs + 28,5\ R,]T5 + 28,R,S,R, T\ T,
+ 2R S3(B2S| + B4R)T\T; + 28,5,5(B1R,

+ BsSOT,T5 + 2B,R 5,851\ T, T3 }. G

It is easy to obtain the formulas of A; for the other w;
(1=35,6,7,8) from (25), (29), (30) and (31), e.g. As
from (25) and A4 from (29), by means of substituting R;
by §; and §; by R; (j = 1, 2, 3) and interchanging B, and
Bs, ﬂz and ﬂ4’ ;83 and 136

Equations (23) and (27) are obtained by making use of
the following conditions:

(32)
(33)

vutea=0, VYg+yy=0,
Pu+V¥a=0, VYyg+ez=0,

where the validity of (33) requires that [2a/(1 — @?)]R,S,
is large (Hauptman, 19824). It is also because of (32) and

Table 1. The types of seminvariant vectors and n values
Jfor monoclinic and orthorhombic systems

Type Space group and n
P2 P2,
2h 0 2/ 0 k
Pm Pc
020 0 !
P222 P222, P2,2)2  P2,2,2,
2h 2k O 0 ! 0 I+h
0 2k 2/ 0 0 k41 h+k
2h 0 2! 0 / k+1 k+1
Pmm2 Pmc2, Pcc2 Pma2 Pca2,
2h 2k O 0 / 0 0 !
Pnc2 Pmn2, Pba?2 Pna2, Pnn2
2h 2k 0 0 I+h 0 4 0

(33) that the formula (27) can be used to estimate the
1PSSs gy, or ¢y .

In the calculation of A;, the parameters §; have an
important effect. Based on some prellmmary calcula-
tions, it appears that 8, <0, B, <0, 8; >0, g, >0,
Bs > 0, Bs < 0. Formula (27) is completely general and
includes the special case of a native protein and a heavy-
atom isomorphous derivative. When the f structure is
a native protein and the g structure a heavy-atom
derivative, the parameters described above can be further
simplified to

a=1/(1+p)",

B=( +P2)1/2/P2,

Bo = 2(1 + p)** /(ayop,)’,
B = —a%za30(p3 /(1 +p,)"?,
B, = _azo Pozops /(14 py)'7,
Bs = 20 a30P2(P3 -p3)/ +P2)3/2’
By = “%2‘130P3/(1 +p,),
Bs = a3y aops,

Bs = —2034’asopops /(1 + py),

where p, = (ag — ay)/tty, Py = (g3 — @39)/t3, and
0y — 0y and a3 — a0 can be easily calculated by the
summations over the heavy atoms only.

3. Applications to the 1PSS estimates
3.1. The formulas for the 1PSS estimates

When (32) holds, the probability distribution of the
IPSS ¢y is directly obtained from those of w, and w,:

Pilon,) = (1/K) expl(—1)"A;cos gy ], i=1,2. (34)
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Table 2. Estimated results of the 1PSSs gy_accumulated in groups according to given minimum values of |A| for the
three pairs of isomorphous structures

I: rubredoxin. II: ferrocytochrome c. III: cytochrome csso. N: the number of gy in group. {|A|}: average of |A] values over the 1PSSs in the group.

%: the percentage of @y, correctly estimated.

1 I I
N (4l (IE -Gl %o N (14l) (IE -Gl % N (141} (IE - Gl) %
Total 78 46.0 0.26 923 371 225 0.23 78.7 236 24.1 0.31 84.7
|Al > 1.0 73 49.1 0.26 95.9 296 28.1 0.27 85.5 204 279 0.34 89.2
|Al > 3.0 68 52.6 0.27 97.1 224 36.5 0.32 93.3 162 34.6 0.38 92.0
|A] > 5.0 63 56.5 0.28 98.4 190 423 0.35 97.4 140 39.5 0.41 97.1

For a given Hg;-considering all the reflections H and the
corresponding centrosymmetric reflections H so that
each of the triplets (H, H, H,) satisfies (1), (34) becomes

Pi((”nx) ~ C;exp| > (—1)"A; cos P, | i=1,2,
HH

(335)

where C; is a normalizing constant. In the practical
application, an average A value over A; and A, can be
used. Then we have

P(py,) =~ [271)(A)]™" exp(A cos gy ), (36)

where

=32, (1)@ +4,). @37
H,H

Equation (36) has a unique maximum at gy =0 or &
according as A > 0 or A < 0, respectively. Therefore, a
reliable estimate of the seminvariant Pu, can be obtained
by calculating the sign of A when |A] is large. Similarly,
the seminvariant ¥y can be estimated from the
distributions of w5 and wg with the same approach.

3.2. Test calculations

All the test calculations were made using error-free
diffraction data. The normalized structure factors Ey and
Gy were calculated from the known atomic coordinates
of three protein structures and their heavy-atom deriva-
tives as follows.

I: rubredoxin (Adman, Sieker, Jensen, Bruschi &
LeGall, 1977), space group P2,, 389 atoms in the
asymmetric unit (not including water molecules). A
derivative was made by replacing the Fe atom in the
native protein by a Pt atom. A set of reflections at 1.5 A
resolution was calculated.

II: ferrocytochrome ¢ (Takano & Dickerson, 1981),
space group P2,2,2, 900 atoms in the asymmetric
unit. A heavy-atom derivative was constructed by
replacing the O atom of a water molecule by a Pt atom.
The resolution of the reflection set is 2.0 A.

II: cytochrome cs5, and its PtCI3~ isomorphous
derivative (Timkovich & Dickerson, 1976), space group

P2,2,2,, 1017 atoms in the asymmetric unit for the
native protein. Intensity data were generated to a
resolution of 2.5 A.

The seminvariants ¢y_were estimated based on (36)
and (37) for each pair of 1somorphous structures. The test
results are given in Table 2. As is shown in Table 1, gy,
is of one form, ¢, for I, and three forms, @, 5 o,
Po,2k,205 Pan0,20> for II and III. The first row of Table 2
gives the total number of gy_at the given resolution and
the percentage of ¢y estimated correctly. The results for
those seminvariants havmg |A| values larger than 1.0, 3.0
and 5.0 are shown in rows 2, 3 and 4, respectively. From
Table 2, the following conclusions may be made.

(i) Formulas (36) and (37) yield reliable estimates of
the 1PSSs having values 0 or m for all three structures.
The larger the |A| values, the more reliable are the
estimates.

(ii) Reliability of the estimation increases with the
increase of the differences between the normalized
structure-factor magnitudes of an isomorphous pair.

(iii) Efficiency of the estimation is related to the
complexity of structure. Especially for those seminvari-
ants with smaller |A| values, the results of I are obviously
better than those of both IT and ITII. When |A| > 3.0, more
than 90% of the seminvariants are correctly estimated for
the three structures. Therefore, for a pair of isomorphous
structures consisting of a native protein having as many
as 1000 atoms and a Pt-atom derivative, the present
method is expected to be useful.

4. Concluding remarks

The integration of direct methods with isomorphous
replacement has been applied to the estimation of the
1PSSs. The derivations of the conditional probability
distributions of a special type of 3PSSs have been stated.
These distributions directly lead to an approach to
estimating the 1PSSs. The analysis also includes the
special case that one member of the pair is a native
protein and the other member is a heavy-atom iso-
morphous derivative. The initial applications of this
work, using error-free data from the three protein
structures, have shown satisfactory results.
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